We study the spin and vortex dynamics in the spontaneous vortex phase of magnetic superconductors. Equations of motion are derived which incorporate the coupling between the superconducting and magnetic components, as well as coupling between spin and vortex motion. We show that coupling between the spin and vortex degrees of freedom leads to new dynamical phenomena in the spontaneous vortex phase. In particular spin waves develop a minimum at wave vectors of the spiral instability in some directions and the electromagnetic waves propagate through the superconductor due to coupling to spin waves in some directions. These can be studied by inelastic neutron scattering and microwave experiments respectively.
I. INTRODUCTION
Recently, there has been a renewed interest in the study of magnetic superconductors, 1 following the discoveries of the magnetic superconductor ErNi 2 B 2 C, which, in the superconducting phase, has a vortex line-lattice with very unusal properties. 2 In previous papers, 3 we proposed that many of the unusual properties of ErNi 2 B 2 C can be understood by assuming that the system has an instability towards forming a spontaneous vortex phase at low temperature below ϳ2.3 K. Subsequently, it was suggested that a spontaneous vortex phase may already exist in the material Eu 2Ϫx Ce x RuSr 2 Cu 2 O 10 , which is a ferromagnet with magnetic ordering temperature T m ϳ120 K, and becomes also a superconductor at a lower temperature T c ϳ30 K. 4 In this paper, we study the spin and vortex dynamics in the spontaneous vortex phase. Based on the GinsburgLandau ͑GL͒ free energy functional 3, [5] [6] [7] describing the coupled superconductor-magnet systems, we derive an effective free-energy functional G eff ͓ M ជ , ជ ͔ describing the magnetization (M ជ ) and the vortex ( ជ ) degrees of freedom in the spontaneous vortex phase in the next section. This effective free-energy functional is valid in the London limit Ӷ 0 , which is appropriate for the materials under consideration. Here and 0 are the coherence length and magnetic penetration depth of the ''pure'' superconducting component, respectively. This free energy is used to derive equations of motion for the magnetization and the vortices. We first rederive some of the earlier equilibrium results. In subsequent sections we study successively the spin-wave modes and the electromagnetic modes in the spontaneous vortex-ferromagnetic phase. The several unusual features found have yet to be looked for in experiments.
II. THE FREE ENERGY AND THE EQUATIONS OF MOTION
The equations of motion for the magnetization and of the vortices are obtained by assuming that they obey the classical equation of motions,
where g is the gyromagnetic ratio, and
where we have considered a flux-line lattice with flux lines running along ẑ direction, and R ជ i (z) is the position of the ith vortex line on the x-y plane at height z with effective mass m . is a phenomenological viscous drag coefficient arising from dissipation when the current runs through the vortex core and ␣ 0 is the elastic pinning restoring force density ͑Labusch parameter͒. 8 R i (0) (z) is the equilibrium position of the ith vortex at height z. We have assumed that the damping is strong enough so that the net acceleration of vortices is zero. The functional deriatives Ϫ␦G eff /␦M ជ and Ϫ␦G eff /␦R ជ i (z) give the effective magnetic field seen by the magnetization, and the effective force acting on the ith vortex line at height z, arising from other vortices and from the magnetization, respectively. To derive G eff ͓ M ជ , ជ ͔ we consider the GL Gibb's free-energy functional G describing the magnetic superconductor system 6 in the presence of ex-
where B ជ ϭٌϫA ជ , M ជ is the magnetization and is the superconducting order parameter. We assume here that the system is isotropic in space. In the London limit, we neglect contri-Equation ͑5͒ expresses the Gibb's free energy of the system in terms of the vorticity field ជ and magnetization M ជ . We shall first consider the equilibrium situation and show how the spontaneous vortex phase can be derived from Eq. ͑5͒. At equilibrium, it is expected that the vortex lines will form a regular lattice and the vorticity field ជ can be written as
where we have considered an ideal flux-line lattice in the ẑ direction with straight vortex lines. r ជ ϭ(x,y) is the coordinate in the x-y plane and R ជ i (0) ϭ(X i ,Y i ) represents the position of vortices in the x-y plane which form a regular hexgonal lattice. The Fourier transform ជ (q ជ ,q z ) is given by
where V is the volume of the system, q ជ N 's are reciprocallattice vectors, and Bϭn⌽ 0 is the average magnetic field trapped in the flux-line lattice, n is the density of vortex lines. Assuming that M ជ (x ជ )ϳM ជ 0 is constant for simplicty, we obtain after some straightforward algebra
corresponding to the usual flux-line lattice formed due to an ''effective'' external magnetic field H eff ϭHϩ4M 0 . In particular, it is easy to see that in the limit M ជ 0 ϭ0, the usual free-energy expression for flux-line lattice is recovered. The ⌸ Ϫ1 term in Eq. ͑5͒ gives rise to usual screened interaction between vortex lines. Minimizing G eff with respect to B and M 0 , we obtain
where H*ϳH c1 with logarithmic corrections coming from interaction between vortex lines. In the limit Hϭ0, it is easy to see that the equation has a solution only when 4Ϫ␣
, corresponding to a first-order transition to the spontaneous vortex phase with finite M 0 . Notice that the approximation M ជ (x ជ )ϳM ជ 0 is good at low temperatures when magnetization almost saturates. The magnetization is in general not uniform around the vortex cores, resulting in reduction of the penetration depth 0 .
3 However, the effect becomes small at low temperature when the magnetization saturates.
III. COUPLED SPIN-WAVE AND VORTEX DYNAMICS
We next consider dynamics associated with small fluctuations of magnetization and vortex lines around the equilibrium configurations in the spontaneous vortex phase. For small fluctuations of vortex lines, the vorticity field ជ can be written as
where
of the ith vortex line position from equilibrium at height z.
In the continuum limit where we are interested at fluctuations with length scale much larger than the spacing between vortex lines, we may replace the sum over flux-line positions by an integral, ͚ i →n͐d
after integration by part. Substituting Eq. ͑11͒ into Eq. ͑5͒, and using Eq. ͑1b͒, we obtain in the continuum limit,
where x ជ ϭ(r ជ ,z), M z t and M ជ p t are the transverse component of magnetization parallel to the vortex lines ͑along the ẑ axis͒ and in the x-y plane, respectively:
is the Fourier transform of 0 2 q 2 /(1ϩ 0 2 q 2 ). We have assumed an infinitesimal external field H ជ along ẑ direction to align the magnetization in deriving Eq. ͑12͒. Using Eq. ͑1a͒, we obtain for the magnetization
͑13͒
For small fluctuations of magnetization and vorticity around equilibrium, we may linearize Eq. ͑13͒, obtaining in the continuum limit, M z ϳM 0 , and
where (0) ϳBẑ in the continuum limit.
We shall now consider the collective excitations in the spontaneous vortex phase using the two linearized equations of motion, ͑12͒ and ͑14͒. Notice that in the spontaneous vortex phase, the system breaks both rotational and translational symmetries. In the continuum limit where the rotational symmetry along ẑ axis is restored, we expect that the modes described by the equations of motion have plane wave form e Ϫi(q ជ •x ជ Ϫt) , where the modes with q ជ along the ẑ axis and in the x-y plane have different energies. First consider the case when q ជ is on the x-y plane. In this case d␦R ជ /dzϭ0 and it is easy to see that the motion of vortices and magnetization are decoupled from each other. Equation ͑12͒ for vortex motion is then identical to the usual equation of motion for vortex lines when both pinning and flux flow are included. 10 In particular, vortex motion can be characterized by a frequency-dependent ͑complex͒ penetrating depth, ac , where
in agreement with previous result obtained by Brandt. 10 The equation of motion for magnetization is similar to the usual equation of motion for ferromagnets in external magnetic field Bẑ except that the equation and the corresponding spin-wave spectrum are modified by coupling of the transverse component of magnetization to superfluid density ͑the ⌸ Ϫ1(0) term͒. For q ជ ϭqx we obtain the coupled equations of motion 6 At first sight, it seems that we may have (q 0 )Ͻ0 since BϽ4M 0 in the spontaneous vortex phase, 1 implying that a spiral instability may occur in this case, similar to what happens at higher temperature regime T c ϾT m ϳT. 5, 6 However, using the result that 4M 0 ϪBрH c1 , 3 it is easy to show that the spiral instability may occur only when d 4 у 0 2 ␥, where d is the distance between vortices. In this regime, q 0 2 уd Ϫ2 and is in the regime where the continuum description is not applicable. Thus within the regime where our description is applicable, the spontaneous vortex phase is stable against the formation of spiral magnetic order, but the spin-wave energy has a minimum at finite wave vector q 0 .
Next we consider the case when q ជ ϭqẑ. In this case, ٌ r ជ •␦R ជ (x ជ )ϭ0. However the magnetization and vortex motion are coupled. After Fourier transforming we obtain the coupled equations
where ␦ ជ ϭB(d␦R ជ /dz). The eigenvalue spectrum is given by the equation
Two eigenfrequencies are obtained corresponding to modified spin-wave spectrum and vortex collective motion. At small wave vector q we may expand the eigenfrequencies in powers of q 2 , obtaining for the modified spin-wave spectrum,
͑20͒
Notice that the coupling between vortices and magnetization is of order q 2 and is small in this limit. Notice also that the spin-wave frequency gets reduced from the decoupled case in the presence of finite vortex pinning strength ␣ 0 0, and the spin waves have finite lifetime ϳq 2 as a result of vortex friction. As in the case when q ជ is on the x-y plane, the spin wave spectrum develops a minimum at wave vector ͉q ជ ͉ ϳq 0 . The spin-wave lifetime also has a minimum around q 0 , and increases gradually as q increases further as can be shown from Eq. ͑19͒. We find numerically that the spinwave energy for q ជ along ẑ direction is always lower than the corresponding spin-wave energy with q ជ on the x-y plane for parameters in the physical regime. The spin-wave spectrums for q ជ both along ẑ direction and on the x-y plane are shown in Fig. 1 . We have chosen ␣ 0 ϳ0 ͑weak pinning limit͒, gH c2 /B 2 ϳ5.0, 0 ϳ10, ␥ϳ 2 , and 4M 0 ϳ25H c1 in generating the figure. Notice that the linewidth of the spin wave along the ẑ direction ͑solid line͒ is too small to be seen from the figure.
The coupling between the vortices and the magnetization modifies vortex collective motion through modifying the penetration depth ac . The renormalized penetration depth ac can be obtained by solving Eq. ͑19͒ with fixed and q 2 ϭϪ1/ ac 2 . In the limit ac ӷ 0 , which is valid for weak pinning and low frequency, it is straightforward to show that ac is given by
where c 2 ϭB 2 /4(iϩ␣ 0 ). The expression is valid as long as ac ӷ 0 . Notice that the vortices penetration depth is reduced by coupling to the spin wave for ϽgB.
FIG. 1.
Spin-wave dispersion in the spontaneous vortex phase. The dashed line is for q ជ on x-y plane and the solid line is for q ជ along the ẑ direction. The spin waves along the ẑ direction have a finite linewidth which is too small to be seen in the figure.
IV. ELECTROMAGNETIC WAVE PROPAGATION
Next we consider the propagation of low-frequency electromagnetic waves in the spontaneous vortex phase. Using Eqs. ͑2͒ and ͑4b͒, it is straightforward to show that the magnetic field in the system is given by
͑22͒
In the continuum limit and for small fluctuations above equilibrium, we may write B ជ (x ជ )ϭB ជ (0) (x ជ )ϩB ជ 1 (x ជ ,t), where B ជ (0) (x ជ )ϳ ជ (0) (x ជ )ϳBẑ, and
͑23͒
In this form, it is clear that the propagation modes of electromagnetic waves in the spontaneous vortex phase are related to the collective modes ␦R ជ (M ជ )
in the system. Once B ជ 1 is determined, the electric field and current in the system can be obtained from the Maxwell equations,
from which we may also compute the ac resistivity ϭE/J. First we consider the case when q ជ is on the x-y plane. In this case, d␦R ជ /dzϭ0 and the motion of vortices and magnetization are decoupled as we have discussed. In particular, it is easy to see from Eq. ͑23͒ that B ជ 1 couples to vortex motion only, if B ជ 1 is along the ẑ axis, and couples to magnetization only, if B ជ 1 is in the x-y plane ͑perpendicular to q ជ ). Corresponding, the electromagnetic wave propagation with polarizations along and perpendicular to the ẑ axis are very different. For B ជ 1 along the ẑ axis, electromagnetic wave propagation is strongly damped by vortex motion, and cannot penetrate the system, as in usual superconductors. Inside the system, B ជ 1 decays with form B ជ 1 (x ជ )ϳB ជ 1 e i(tϪ͉x ជ ͉/ ac ) , where ac is given by Eq. ͑15͒. The ac resistivity and surface impedance are given by ()ϭ4i ac 2 /c 2 and Z() ϭ()/ ac , respectively, as can be confirmed easily from the Maxwell equations ͑24͒. Notice that () measures the ac resistivity on the x-y plane ͑perpendicular to vortex lines direction͒ in this case.
For B ជ 1 perpendicular to ẑ , the magnetic field couples to magnetization only, and the electromagnetic wave propagates through coupling to spin waves. Because of the gap in the spin-wave spectrum, propagation of the electromagnetic wave through the system is possible only for Ͼ m , where ប m ϳH c1 is the gap in the spin-wave dispersion. In this case we find using Eqs. ͑23͒ and ͑24͒ that the ac resistivity ()ϭ4i 0 2 /c 2 is pure imaginary, indicating the absence of dissipation in the spin-wave mode. Notice that () measures ac resistivity along the vortex line direction in this case. Notice also that because of the particular form of spinwave dispersion, there may be two propagating spin-wave modes associated with a given frequency. The precise way which electromagnetic wave propagates depends on the boundary condition where the electromagnetic wave enters the system. We shall not consider these details in this paper.
For Ͻ m , we expect
gives the penetration depth of electromagnetic wave. We have assumed that the spin-wave dispersion is given by ϭv 2 (qϪq 0 ) 2 ϩ m around the dispersion minimum in obtaining the result. The ac resistivity is found to be the same as in the case Ͼ m , as it should be since ac resistivity is a local property of the system and is independent of how the electromagnetic wave propagates. The corresponding surface impedance is Z()ϳ( m Ϫ1 ϩiq 0 )(). Notice that incoming electromagnetic waves are totally reflected when Ͻ m or ϾgB, because of decoupling from the spin-wave spectrum.
For q ជ ϭqẑ the propagation of electromagnetic waves is independent of polarization direction in the continuum limit. However, B ជ 1 couples both to spin-wave and vortex motion in this case. For Ͼ m , electromagnetic waves can propagate through coupling to spin waves. However, in this case spin waves have a finite lifetime because of coupling to vortex motion. Correspondingly electromagnetic waves are absorbed by the system and have finite penetration depth. For ӷ m , the penetration depth (q) can be estimated from the corresponding spin-wave lifetime (q) as
where (q) is the lifetime of the spin-wave mode with wave vector q, and v g (q)ϭd s (q)/dq is the corresponding spin wave group velocity. We have also checked using Eqs. ͑18͒, ͑23͒, and ͑24͒ that the corresponding ac resistivity perpendicular to vortex lines direction is given by () ϭ4i ac 2 /c 2 , in agreement with what we obtained before. The corresponding surface impedance is Z()ϳ͓(q) Ϫ1 ϩiq͔(), and is small for long lifetime (q). Notice that as in the case with q ជ on the x-y plane, there may be two spin-wave modes associated with given incoming wave frequency because of the particular form of spin-wave dispersion. For general incoming electromagnetic wave where both spin-wave modes are being excited, the surface impedance will be dominated by the spin-wave mode with smaller q 2 ϩ(q) Ϫ2 . For frequency Ͻ m , electromagnetic waves can still penetrate the system to a finite distance, either through coupling to the spin-wave mode or collective vortex motion. In the former case, the penetration depth is given roughly by vector B ជ 1 is along the ŷ direction and so is completely on the magnetic easy plane. It is expected that the coupling of the magnetic field to the spin-wave excitation should be strongest in this case.
For q ជ along the ẑ axis the threshold frequency m where electromagnetic waves can propagate is independent of direction of B ជ 1 . However, the transmittance of electromagnetic waves should still depend on the direction of B ជ 1 as a result of magnetic anisotropy. In particular, we expect that the transmittance should be largest when B ជ 1 is along the ŷ direction for the same reason as explained above.
VI. SUMMARY
We have studied the spin and vortex dynamics in the spontaneous vortex phase. Based on phenomenological equation of motions and an effective free energy for magnetization and vorticity, we derive equations of motion which describe the dynamics of the coupled magnetizationsuperconductor system with coupling between magnetization, superfluid density, and vortices motion all included. The resulting equations of motion are valid in the continuum limit qӶd Ϫ1 limit where the fluctuations length scale is much larger than vortex lattice spacing. Using the equations of motion, we find that the spin-wave dispersion is strongly modified because of the coupling of magnetization to superfluid density. The spin-wave dispersion has a gap (ϳgB) at q→0, but develops a dip in the dispersion around qϳ(4/␥ 0 2 ) 1/4 . We also find that the spin-wave excitations couple to vortices motion when q ជ is in the direction of magnetization M ជ 0 . As a result, the spin-wave excitations in this direction is strongly damped by vortex motion. We have also investigated the propagation of ͑low-frequency͒ electromagnetic waves in the spontaneous vortex phase. We find that electromagnetic waves with proper polarizations and and frequencies can penetrate the spontaneous vortex phase through coupling to spin-wave excitations. This is not possible in usual superconductors where electromagnetic waves cannot penetrate at low frequencies. The ac resistivity of the system depends on vortex motion only as in usual superconductors. However, the surface impedances show rich features compared from usual superconductors because of the complicated responses of the system to electromagnetic waves. The predicted anisotropy in spin-wave dispersion and in the width of the spin-wave resonant mode can be tested in neutron-scattering experiments. The response of the spontaneous vortex phase to low-frequency electromagnetic waves can be studied in microwave experiments. 
